Abstract The dispersion relation and electromagnetic polarization of the plasma waves are comprehensively studied in cold electron, proton, and heavy charged particle plasmas. Three modes are classified as the fast, intermediate, and slow mode waves according to different phase velocities. When plasmas contain positively-charged particles, the fast and intermediate modes can interact at the small propagating angles, whereas the two modes are separate at the large propagating angles. The near-parallel intermediate and slow waves experience the linear polarization, circular polarization, and linear polarization again, with the increasing wave number. The wave number regime corresponding to the above circular polarization shrinks as the propagating angle increases. Moreover, the fast and intermediate modes cause the reverse change of the electromagnetic polarization at the special wave number. While the heavy particles carry the negative charges, the dispersion relations of the fast and intermediate modes are always separate, being independent of the propagating angles. Furthermore, this study gives new expressions of the three resonance frequencies corresponding to the highly-oblique propagation waves in the general three-component plasmas, and shows the dependence of the resonance frequencies on the propagating angle, the concentration of the heavy particle, and the mass ratio among different kinds of particles.
Introduction
The heavy positively-charged particles are permeating in the solar-terrestrial environments. For example, spectroscopic SOHO observations indicate minor and hot ionized heavy particles (oxygen, magnesium, iron, etc.) in the solar atmosphere [1] . The large abundance (> 50%) of the ionized oxygen is found near Earth's equatorial magnetosphere [2] . The concentration of the heavy ionized oxygens can even reach 80%-90% in the Earth's dayside aurora [3] . Besides, the heavy negatively-charged dust particles are revealed in the interplanetary space, cometary tails, planetary rings, and Earth's atmosphere [4] .
Impacts of the heavy charged particles on plasma waves have been investigated by many researchers [5−21] . A new cut-off frequency relating to the concentration of heavy particles arises for parallel propagating waves [22] . While waves propagate across the ambient magnetic field, in addition to the ion cyclotron and lower hybrid resonance frequencies, a biion hybrid resonance is found in the plasmas containing two ion species [5, 22] . In magnetized dusty plasmas, the existence of both fast-and slow-type magneto-acoustic waves, left-hand polarized whistler-type wave, and low-frequency dust-lower-hybrid modes is examined by Refs. [8] [9] [10] . Although many characters of wave dispersion relation are explored by above studies, there is still lack of a comprehensive analysis for the electromagnetic polarization of the plasma waves in the presence of electrons, protons, and heavy charged particles.
This paper gives a detailed study for the dispersion relation and electromagnetic polarization of the plasma waves in the cold three-component plasmas. Section 2 derives the analytic expressions of the dispersion relation and linear relation among different electromagnetic components. Sections 3 and 4 explore the wave properties in the plasma containing positivelyand negatively-charged heavy particles. The discussion and summary are presented in sections 5 and 6, respectively.
Theoretic derivations
We consider the cold three component (electrons, protons, and heavy charged particles) plasmas with no streaming fluid in a background magnetic field B 0 = B 0êz . The plasma waves are assumed to be the plane wave and to propagate in the (x, z) plane. So the perturbations are written as δf ∝ δf k exp(−iωt+ik·r), where ω is wave frequency and k =k ⊥êx + k zêz is the wave vector. From the linear fluid momentum and Maxwell's equations
we obtain following current density expressions
and
where the subscript α represents protons α=i, electrons α=e, and heavy charged particles α =h, m α is the mass, q α is the charge, n α is the background number density, and δv α , δE, δB, and δJ denote the perturbed velocity, electric field, magnetic field, and current density, respectively. Λ α ≡ 1 − ω 2 /ω 2 cα , and ω cα = q α B 0 /m α is the cyclotron frequency of the α particle. Note that the dispersion current is neglected in Ampere's law Eq. (3), which can result in the quasi-neutral condition
with [22] . At small k regime (λ p k 1), we can also obtain the normal dispersion relations for the shear Alfvén and compressible Alfvén waves,
The analytic solutions of Eq. (7) are
3 . These three solutions correspond to the fast (j = 0), intermediate (j = 1), and slow (j = 2) wave modes with the fast, intermediate, and slow phase speed, respectively.
From Eqs. (4)- (6) and (8), we obtain the polarization relations among three electric components
Using above electric polarization relations, we give the magnetic components in terms of δE x
which can further yield the magnetic helicity for each mode
where A is the vector potential.
Mode properties in electron, proton and heavy ion plasma
Here we consider the single ionized oxygen ion as the heavy charged particle. The fast mode corresponds to an electromagnetic cyclotron wave above the cut-off frequency ω ω c , the whistler wave at ω cp < ω < |ω ce |, and the electron cyclotron wave at ω ∼ |ω ce | cos θ. The intermediate mode corresponds to the compressible Alfvén wave at ω/ω cp 1, and the proton cyclotron wave at the proton cyclotron frequency ω ∼ ω cp . The slow mode is the shear Alfvén wave as ω/ω cp 1, and the oxygen ion cyclotron wave at ω ∼ ω co . At nearparallel propagation, the fast mode interacts with the intermediate mode at a transition point k t where two modes have the same frequency. Using the relation ω F = ω c , k t approximates as
(12) The fast and intermediate modes obviously separate at near-perpendicular propagation. At k∼k t , the electric polarization of the fast (intermediate) mode changes from the right-(left-) hand to the left-(right-) hand, which is independent of the propagation angle. However, the slow mode is always the left-hand electric polarization. At small k limit (λ p k → 0), the intermediate and slow modes have δE y /iδE x → ∞ and δE y /iδE x → 0, behaving as linear polarization. At large k limit (λ p k → ∞), all three modes are linearly polarized, and only have δE x perturbation. Furthermore, as the propagation angle increases, the k regime corresponding to the circular polarization (δE y /iδE x = ±1) shrinks.
Because the magnetic polarization iδB x /δB y relates to the electric polarization δE y /iδE x
it finds iδB x /δB y δE y /iδE x at scales λ e k < 1. At scales λ p k 1, the fast mode has iδB x /δB y ∼ cos θ that is shown in Fig. 1 . Fig. 1 also shows that the magnetic polarizations of the intermediate and slow modes are nearly constant at the k region (λ p k > 1), which is different from the electric polarizations in Panels (c1)-(c2).
From the magnetic helicity expression in Eq. (11), we can see that σ → 0 as iδB x /δB y → ∞ (or iδB x /δB y → 0), and σ → ±1 as iδB x /δB y → ±1. While at a near-perpendicular angle the magnetic helicity of the fast mode approximates σ cos θ at the small k limit λ p k 1, and σ 1 at the large k limit λ p k 1 because of iδB x /δB y cos θ therein. These properties are all exhibited in Fig. 1 .
Mode properties in electron,
proton and negatively-charged dust plasma When the heavy particle is the negativelycharged dust particle, the dispersion relation and electromagnetic polarization (see Fig. 2 ) exhibit several different properties in comparison with that in section 3. For example, the intermediate and slow waves become right-hand and left-hand polarized modes, however, the fast mode remains the righthand polarization.
The electric polarizations of the intermediate and slow modes become linear polarizations at the large k limit for a small angle, but their magnetic polarizations are still circularly polarized. Fig. 2 also exhibits the obvious change of the electromagnetic polarization nearly at the transition points Eq. (12), such as both electric (δE y /iδE x ) and magnetic (iδB x /δB y ) polarizations of the fast mode approaching the maximum.
Discussion
Compared with previous studies, this study analyzed in detail the electromagnetic polarization of the three wave modes at the different propagating angles. For parallel propagation, all waves are circularly polarized [23] . The linear polarization modes arise when the propagating angle is none zero. Even at near-parallel propagation, the intermediate and slow modes have the linear polarizations at small and large k limits (λ p k → 0 and ∞), which is consistent with the results found in the two-fluid plasma model [24] . On the other hand, we also analyzed the impact of different concentration of heavy particles on the mode property, and found that the three modes nearly follow the electromagnetic polarization properties explored in this study.
At near-perpendicular propagation, the resonance frequency depends on the relation of propagating angle with the critical angle
At θ < θ c , the resonance frequencies are summarized in section 2.
In the following derivations we give the resonance frequencies at θ c < θ < 90
• . Using the general near-perpendicular (k ⊥ /k z 1) and resonance (ck/ω → ∞) conditions, the general dispersion equation Eq. (7) becomes
where
As θ < θ c , the first terms in coefficients B 1 and C 1 are the dominant terms, and result in three resonance frequencies shown in section 2. While θ is near or larger than θ c , we find the following resonance frequencies
(17) At the case of the second terms in B 1 and C 1 larger than the first terms, three resonance frequencies Eqs. (15)- (17) reduce to
The resonance frequencies at different nearperpendicular cases (θ = 85
• , 89.99
• and 89.9999
• ) are shown in Fig. 3 .
It demonstrates that our expressions Eqs. (15)- (17) are good approximations for the resonance frequencies in three-component plasmas. We note that this study neglects the effects of the thermal pressure on the plasma waves. Compared with the usual fast, Alfvén, and slow modes in electron and proton plasmas [24] , the magnetosonic waves carried by the heavy charged particles are driven by the thermal pressure of the heavy charged particles and magnetic pressure. For example, the fast-and slow-type dustmagnetoacoustic waves arise in the electron, proton, and negatively-charged dust plasmas [8, 9] . Normally, there are five wave modes below the electron frequency in the warm three-component plasmas, not three modes as shown in this study. Our next paper will proceed to analyze the mode properties of the warm threecomponent plasma waves.
Full analytic expressions of dispersion relations and electromagnetic polarizations of the three modes in cold three-component plasmas are given in the present study. We analyzed in detail are the wave properties in different plasma environments associated with heavy positive ions or negatively-charged dust grains. Our main results are:
a. In electron, proton, and heavy ion plasmas, the fast mode interacts with the intermediate mode at the near-parallel propagating case, and the two modes are separate at the large propagating angles. However, the fast and intermediate modes are always separate in the plasmas containing electrons, protons, and negativelycharged heavy particles.
b. At small propagating angles, the intermediate and slow modes are linearly-polarized at the small and larger wavenumber limits, and circularly-polarized in the medium wavenumber regime. As the propagating angle increases, the wavenumber regime corresponding to the circular polarization shrinks.
c. Near the special wavenumber expressed by Eq. (12), the electromagnetic polarizations of the fast and intermediate modes have reverse changes in electron, proton, and heavy ion plasmas, but gently vary in plasmas containing electrons, protons, and negatively-charged dust particles.
d. For the near-perpendicular propagating case, the three general resonance frequencies Eqs. (15)- (17) are obtained in three-component plasmas, exhibiting the dependence of the resonance frequencies on the propagating angle, the concentration of the heavy particle, and the mass ratio among electron, proton, and heavy charged particles.
